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ABSTRACT
Reference station placement is an important problem when deploying a 
network based real time kinematic system. It directly affects the cost and 
performance of the system. However, there is lack of a theory or tool to deal 
with the reference station placement issue. Given a set of potential locations 
where reference stations can be established and the distribution of users, the 
reference station placement problem is to select positions among the 
potential reference station locations such that the total number of reference 
stations required is minimal subject to the maximum distance constraint 
between the users to their closest reference station, which is to guarantee the 
precision of positioning services. This paper presents a graph-theoretic 
model for the reference station placement problem. Based on the graph-
theoretic model, an efficient algorithm for the reference station placement 
problem is proposed in this paper. The proposed algorithm has been 
implemented in Matlab and tested by simulation. In addition, an empirical 
study of the impact of the maximum distance constraint on the number of 
reference stations is conducted and the results are presented in this paper. 
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1. INTRODUCTION
Continuously operating reference stations (CORS) have been established in many countries 
and regions and are increasingly being used to deliver real-time (or near-real-time) precise 
positioning services on a regional basis. In many northern hemisphere countries with high 
population densities and excellent Internet and mobile communications infrastructure, such as 
Germany and Japan, such networks are built with a high density of reference stations.  In 
Australia, the viability of dense networks is either restricted to urban/suburban areas with high 
population density or low density networks in remote areas. The SunPOZ real-time GPS 
service, for example, is currently limited to south east Queensland. 
Reference station placement is the very first problem to deal with in deployment of a network 
based real time kinematic (RTK) system. It directly affects the cost and performance of the 
system. In addition to communications, the key limitation of existing RTK systems is the 
service distance between reference stations and user receivers due to the impact of distance-
dependent biases such as orbit error, and ionospheric and tropospheric signal delay. This has 
restricted the reference-user receiver distance to about 20km or less in the single-base RTK 
case (Lachapelle et al, 2002). Network-RTK is a multiple-station RTK technique capable of 
operating over inter-receiver distances of many tens of kilometres with equivalent 
performance to single-base RTK systems (Rizos, 2003). Typical commercial systems include 
Trimble’s Virtual Reference Station (Vollath, 2002) and Leica’s GPS Spider technique
(http://www.leica-geosystems.com/, 2005). Network-RTK techniques result in reduction of 
installation of reference stations from about 20-30 per 10,000 square kilometres for single-
base RTK to 5 to 10 stations for network-RTK (http://www.network-rtk.info/005, 2005) while 
maintaining the same RTK positioning accuracy at cm-level. 
However, setting-up and maintaining a reference station is costly, typically tens of thousands 
of Australia dollars each with annual operational cost at approximately 10% of the stations’
cost.  Therefore, it is desirable to minimize the total number of reference stations without 
compromising the precision of positioning services. Currently, the reference station placement 
is largely based on experience and to the best of our knowledge there is no tool available to 
deal with the reference station placement issue. Thus, it is desirable to investigate the 
reference station placement. 
This research assumes that all possible locations where a reference station could be 
established have already identified and the distribution of the users has been obtained through 
surveys. Given all possible reference station locations and the distribution of the users, the 
reference station placement problem is to select positions among all the possible reference 
station locations such that the total number of reference stations required is minimal subject to 
the maximum distance constraint between the users to their closest reference station, which is 
to guarantee the precision of positioning services. 
This paper presents a graph-theoretic model for the reference station placement problem. 
Based on the graph-theoretic model, an efficient algorithm for the reference station placement 
problem is proposed in this paper. The proposed algorithm has been implemented in Matlab 
and tested by simulation. In addition, an empirical study of the impact of the maximum 
distance constraint on the number of reference stations is conducted and the results are 
presented in this paper. 
The remaining paper is organised as follows. In Section 2 the graph-theoretic model for the 
reference station placement problem is presented. Section 3 describes the polynomial 
algorithm. The simulation results and discussions are presented in Section 4, and finally the 
paper concludes the reference station placement problem with some interesting findings in 
Section 5.
2. A GRAPH-THEORETIC MODEL FOR THE REFERENCE STATION PROBLEM
The reference station placement problem can be represented by an undirected graph
),( EVG  , where BUV  . U is the set of users and B is the set of reference station 
candidates. An edge Evv ),( 21  if and only if Uv 1 , Bv 2  and the Euclidean distance
between 1v and 2v , max21 Dvv  , where maxD  is the maximal distance allowed between a 
user and its closest reference station in order to guarantee the provision of centimetre 
positioning services to the user. In the remainder of the paper, the graph G is called RTK 
graph and maxD  is referred as maximum distance constraint in the rest of the paper. Figure 1 
shows an example of the network RTK positioning system. In the figure, all the reference
station candidates are denoted by squares, and all users are rendered by triangles. A user is 
adjacent to a reference station candidate if and only if the Euclidean distance between them is 
less than maxD . The corresponding RTK graph representation is shown in Figure 2.
Figure 1. An example of the network RTK positioning system
Figure 2. A RTK graph
This reference station placement problem can be formulated as: 
Given a graph ),( EVG  , where BUV  , find a BB 1 such that 1B is minimal subject 
to:
Uu , 1Bb , such that maxDbu 
3. AN ALGORITHM FOR THE REFERENCE STATION PLACEMENT PROBLEM
This section presents a polynomial algorithm for the reference station placement problem. 
3.1 Data Structure
A RTK graph can be represented by an nm adjacency matrix  Aij , where mi 1 , 
nj 1 . 1Aij , if and only if Eujbi ),( ; otherwise 0Aij . For example, the RTK graph 
shown in Figure 2 is
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3.2 Algorithm Description
The problem of finding the minimal number of reference stations is a constrained version of 
the problem of finding a minimum dominating set of an arbitrary graph, which is NP-hard 
(Garey and Johnson, 1979). It is conjectured that the problem of finding the minimal number 
of reference stations is also NP-hard. Thus, a heuristic algorithm is proposed to tackle the 
problem.
The heuristic used creates an initial base station placement that uses all the reference stations. 
Then, the number of reference stations is gradually reduced by iteratively removing redundant 
reference stations. A reference station is redundant if all the users that can be covered by the 
reference station can also be covered other reference stations. A user is said to be covered by 
a reference station if the distance between the user and the reference station does not exceed a 
preset distance Dmax. A redundant reference station bi can be identified in the matrix 
representation by checking if there is a second non-zero entry in the jth column of the matrix. 
Below is the description of the algorithm:
Algorithm: Reference station placement
Input: An adjacency matrix representation of RTK graph A
Output: A minimal set of reference stations that covers all the 
users
1. m = number of users;
2.    n = number of reference station candidates;
3.    repeat
4.       improved = true;
5.       i = 1;
6.       while i <= n
7.          redundant = true;
8.          for j = 1 to m
9.             covered = true;
10.             if A(i,j) == 1;
11.             for i1 = 1 to n
12.                if (A(i1,j) == 1) && (i ≠ i1)
13.                   covered = true;
14.                   break;
15.                end
16.             end
17.             if covered == true
18.                redundant = true;
19.                break; 
20.             end
21.          end
22.       end
23.       if redundant == true
24.         for j = 1 to m
25.             A(i,j) = A(n,j); 
26.          end
27.          n = n - 1;
28.          improved = true;
29.       end
30.       i = i + 1;
31.    end
32. while improved == true;
In each iteration (lines 3-32), the algorithm checks all the references one by one to see if it is 
redundant (lines 8-22). If a reference station is redundant, then it is removed by overwriting 
the corresponding row with the last row (lines 24-26). The number of reference stations is 
kept in variable n. Initially, the value of n is the total number of reference stations (line 2), 
and it is decremented when a reference station is removed (line 27). The Boolean variable 
improved indicates if there was a reference station removed in the previous iteration. Before 
each iteration, it is set to be false (line 4), and whenever a reference station is removed it is set 
to be true (line 28). The process of identifying and reducing redundant reference stations is 
repeated until no reference station can be removed, or variable improved remains false.
3.3 Algorithm Illustration
This section elaborates the above algorithm by stepping into the process for solving a 
reference station placement problem. The reference station placement problem consists of 5 
reference station candidates and 30 users. The network RTK positioning service region is a 
100km×100km square. The minimal and maximal distance between a reference station and its 
closest neighbour reference station are 40 km and 140 km, respectively, and the maximum
distance constraint is 60km.
Figure 3 shows the distribution of the reference station candidates and users, and Figure 4 
displays the initial placement solution, which uses all the five reference station candidates. 
Figures 5-6 are the intermediate states of the placement, each of which showing the updated 
coverage of the remaining reference stations after a reference station is removed. Figure 7 
shos the final placement solution which uses two reference stations.
Figure 3. The distribution of the reference station candidates and users. Reference station candidates 
are marked by circles and users are marked by triangles.
Figure 4. Initial reference station placement.
Figure 5. The updated reference station placement after one reference station is removed. 
Figure 6. The updated reference station placement after another reference station is removed. 
Figure 7. The final reference station placement. 
3.4 Algorithm Analysis
This section uses a bookkeeping method to analyse the worst-case computational complexity 
of the algorithm. The computation time of the algorithm includes the time on identifying 
redundant reference stations and the time on removing the identified redundant reference 
stations. 
In the worst case, the process of identifying and removing redundant reference stations 
iterates n-1 times, where n is the total number of reference station candidates, and in the ith
iteration, n-i+1 reference stations are checked and one of them is removed, where ni 1 . 
In the ith iteration, it takes up to min *)(  times of comparisons to determine whether a 
reference station is redundant or not, where m is the total number of users. Thus, the total 
number of comparisons needed for identifying redundant reference stations in the ith iteration 
is minin *)(*)1(  . Thus, the total number of comparisons needed for identifying 
redundant reference stations in the algorithm is
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So, the computational complexity is O(n3*m). In the worst case, one reference station is 
removed in each iteration, and it takes O(m) time to remove one reference station. Thus, the 
total time spent on removing n-1 reference stations is )(*)1( mOn  , or O(m*n). The 
computational complexity of the algorithm is O(n3*m)+ O(m*n) =  O(n3*m).
4. SIMULATION RESULTS
The purpose of this simulation is to test the performance of the proposed algorithm. A Matlab 
program has been developed to randomly generate simulation scenarios (a set of candidate 
reference stations and a collection of user positions). The region of the network RKT 
positioning service is a rectangle although the algorithm can be applied in regions of any 
shapes. The length and width of the rectangle are controlled by two parameters, x_max and 
y_max, and the parameter no_users specifies the number of randomly distributed users in the 
rectangle to be generated by the program. The maximum distance constraint between any user 
and its closest reference station is controlled by a parameter, Dmax. In the simulation Dmax
varies from 30km to 140km with an increment of 10km. The numbers of users tested are 100, 
300 and 500. For each combination of the maximum distance constraint and the number of 
users, 30 instances of the reference station problems are randomly generated and tested. The 
average number of reference stations needed is calculated. Figures 8 shows the simulation 
results for the number of users are 100, 300 and 500.
It can be seen from the simulation results that the number of reference stations needed 
decreases dramatically when the maximum distance constraint is relaxed. In addition, it can 
be observed from the simulation results that the number of reference stations required is 
sensitive to the number of users when the max distance constraint is tight. However, it is 
interesting to note that when the maximum distance constraint is relaxed, the number of 
reference stations does not change significantly with the number of users. For example, when 
the max distance constraint is 30km, the number of reference stations required for 100 users is 
36 while the number of reference stations required for 500 users increases to 50. However, 
when the max distance constraint is relaxed to 140 km, the numbers of reference stations for 
100 and 500 users are about 6 and 7, respectively, which are very close. These simulation 
results reveal that the improvement of network RTK positioning techniques that relax the 
maximum distance constraint will remarkably reduce the cost of network RTK positioning 
systems.
Figure 8. The simulation results
5. DISCUSSIONS AND CONCLUSIONS
This paper has attempted to provide a practical and useful tool for the reference station 
placement problem in the deployment of network RTK positioning systems. The objective of 
the planning is to minimize the total number of reference stations without compromising the 
precision of positioning services.
This paper has also presented a graph-theoretic model for the reference station problem. 
Basing on the model this paper has proposed an efficient algorithm for the reference station 
placement problem. Using that model this paper has also empirically investigated the impact 
of the maximum distance constraints on the number of reference stations. 
It should be pointed out that although in the simulation it is assumed that the area of the 
network RTK positioning services be a rectangle the algorithm does not impose on the 
geographical shape of service areas. The algorithm has no limitation on the number of users. 
To use the algorithm all need to do is to provide the positions of pre-determined candidate 
reference stations and the positions of pre-determined roving users, and set up a value for the 
maximum distance constraint in the light of the precision of positioning services and the 
underlying positioning techniques.   
To the best of our knowledge, this is the first attempt to the optimal reference station 
placement problem in the network RTK positioning systems. The focus of this paper is on the 
theory and method of the reference station placement. The theory and method will be further 
tested using real-world problems in the future. 
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